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Abstract
In unbounded domains we state some a priori bounds for solutions of the Dirichlet problem for
linear second order elliptic differential equations in nondivergence form with discontinuous coeffi-
cients in weighted spaces. The weight function is related to the distance function from a fixed subset
S of ∂Ω .
 2003 Elsevier Inc. All rights reserved.
1. Introduction
Several authors have studied Dirichlet problem for linear second order elliptic equations
in nondivergence form if Ω is a bounded open subset in Rn. We refer to the well-known
paper of Miranda [25] where the derivatives of aij belong to the Ln spaces. Subsequent
results were stated, for example, in [20,22,32].
We note that different classes of discontinuous operator were studied in [17–19,27].
Generalizations of Miranda’s result can be found in [2,14–16] in wider classes of spaces.
When Ω is an unbounded open set, the problem was studied in more general spaces
than Ln spaces in [28], in spaces of Morrey type in [9–11], and in weighted spaces in [7,
13].
Basic tools for proving existence and, sometimes, uniqueness of solutions of elliptic
boundary value problems in Sobolev spaces are a priori bounds.
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102 A. Canale / J. Math. Anal. Appl. 287 (2003) 101–117In this paper we state some a priori bounds for solutions of the problem{
Lu= f, f ∈L2s (Ω),
u ∈W 2s (Ω)∩ ˚W 1s−1(Ω),
(1.1)
where L is the operator
Lu=−
n∑
i,j=1
aij uxixj +
n∑
i=1
aiuxi + au (1.2)
and W 2s (Ω), ˚W 1s−1(Ω) and L2s (Ω) are some weighted spaces defined in Section 2.
The weight functions ρ are related to the distance from a fixed subset S ⊂ ∂Ω , where
Ω is an unbounded open set with singular boundary.
The coefficients of the operatorL belong to a class of spaces introduced in [5] which are
more general than Ln spaces and are reduced to Ln spaces in the case Ω is a bounded open
set. If ρ is a positive constant and Ω is an unbounded open set, these spaces correspond to
the spaces introduced in [28].
In weighted spaces with weight of the type distance from a subset of the boundary
some estimates can be found in [13], where the assumptions on the coefficients are ‘good’
enough to obtain results which imply uniqueness of solutions of problem (1.1), and, in
more general hypotheses, in [7].
Our hypotheses on coefficients are considerably weakened with respect to the assump-
tions made in [13] and in [7]. In particular we take away the existence of derivatives (aij )xh .
The idea is to approximate aij by some functions eij ‘near’ to aij in bounded open sets
and by αij at infinity and ‘near’ to a subset S of ∂Ω . The conditions we impose on eij are
of Chicco type (see [17,19]) and on their derivatives are very ‘weak,’ we require only that
(eij )xh ∈ Lqloc(Ω¯ \ S) and we can able to apply locally some embedding results without
further assumptions on (eij )xh .
Near to S and to infinity we need more regularity on the functions αij with respect to
eij to apply embedding theorems, but the hypotheses we make are more general than in the
previous papers.
In particular we state, in Section 6, that it holds
‖u‖W 2s (Ω)  c
(‖Lu+ λβu‖L2s (Ω) +‖u‖L2(Ω0)),
where λ 0, β :Ω →R+ and Ω0 is a bounded open subset of Ω .
We study also the dependence of the constants. This dependence turns out to be crucial
to achieve some existence results stated in [4].
To this aim it is necessary to introduce a kind of modulus of continuity of a function
g ∈ K˜q−s+1(Ω) (see Section 2 for definitions) and to study the multiplication operator
u→ gu
from W 1s (Ω) in L2(Ω) (see Lemmas 3.1 and 3.2).
Tools for proving the main result (see Theorem 6.1), as well as embedding theorems,
are some local a priori bounds stated in Section 5.
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Let E be a Lebesgue measurable subset of Rn and Σ(E) the σ -algebra of Lebesgue
measurable subsets of E.
We denote by D(A) the class of restrictions to A, A ∈Σ(E), of functions ζ ∈ C∞0 (Rn)
such that suppζ ∩ A¯⊂ A and by Lploc(A) the class of functions f :A→ C such that ζf ∈
Lp(A) for any ζ ∈D(A). We set
|f |p,A = ‖f ‖Lp(A), 1 p +∞.
Let B(x, r), x ∈ Rn, r ∈ R+, be the open ball with center in x and radius r .
Let Ω be an open subset of Rn. We set
Ω(x, r)=Ω ∩B(x, r), ∀x ∈Ω, ∀r ∈R+.
We denote by A(Ω) the class of functions ρ :Ω →R+ satisfying
sup
x,y∈Ω
|x−y|<ρ(y)
∣∣∣∣log ρ(x)ρ(y)
∣∣∣∣<+∞.
It is easy to see that ρ ∈A(Ω) if and only if ρ :Ω → R+ and there exists a constant c ∈R+
such that
c−1ρ(y) ρ(x) cρ(y), ∀x ∈Ω, ∀y ∈Ω(x,ρ(x)).
We observe that A(Ω) contains the class of positive Lipschitz functions with Lipschitz
constant less than 1.
Some examples of functions ρ ∈A(Ω) are given in [5,30]. For any ρ ∈A(Ω) we set
Sρ =
{
y ∈ ∂Ω : lim
x→y ρ(x)= 0
}
.
Sρ is a closed subset in ∂Ω (see [12]). Moreover if Sρ = ∅ it results (see [5,30])
ρ(x) dist(x, Sρ), ∀x ∈Ω.
It is well known (see, e.g., [26, Theorem 2] and [33, Lemma 3.6.1]) that there exist α ∈
C∞(Ω)∩C0,1(Ω¯), c1, c2 ∈R+ such that
c1 dist(x, Sρ) α(x) c2 dist(x, Sρ), ∀x ∈Ω.
We put
Ωk =
{
x ∈Ω : |x|< k, α(x) > 1/k}, ∀k ∈N.
If f ∈D(R¯+) is a fixed function such that
0 f  1, f (t)= 1 if t  1/2, f (t)= 0 if t  1,
we define the functions
ψk :x ∈ Ω¯ →
(
1− f (kα(x)))f (|x|/2k), ∀k ∈N.
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hold:
0ψk  1, ψk|Ω¯k = 1, suppψk ⊂ Ω¯2k.
Let A0(Ω) be the class of measurable functions ρ ∈ A(Ω). If ρ ∈ A0(Ω), then (see [5,
12])
ρ ∈L∞loc(Ω¯), ρ−1 ∈ L∞loc(Ω¯ \ Sρ). (2.1)
Further examples and properties of functions of A(Ω) can be found in [5,30].
If r ∈ N , 1  p  +∞, s ∈ R and ρ ∈ A0(Ω), we denote by Wr,ps (Ω) the space of
distributions u on Ω such that ρs+|α|−r∂αu ∈ Lp(Ω) for |α| r endowed with the norm
‖u‖Wr,ps (Ω) =
∑
|α|r
|ρs+|α|−r∂αu|p,Ω.
Moreover we denote by ˚Wr,ps (Ω) the closure of C∞0 (Ω) in W
r,p
s (Ω). We put
W
0,p
s (Ω)= Lps (Ω), Wr,2s (Ω)=Wrs (Ω), ˚Wr,2s (Ω)= ˚Wrs (Ω).
For some properties of weighted Sobolev spaces, where the weight functions are a power
of a function ρ ∈A(Ω), see, e.g., [3,6,21,23,29,31].
If 1 p <+∞, s ∈ R and ρ ∈A0(Ω), we set
Ω(x)=Ω(x,ρ(x)), ∀x ∈Ω, (2.2)
and consider the spaces Kps (Ω), K˜ps (Ω), ˚Kps (Ω) defined in [5] in correspondence of the
family of open sets defined by (2.2). Let us recall that Kps (Ω) is the space of functions
g ∈Lploc(Ω¯ \ Sρ) such that
‖g‖Kps (Ω) = sup
x∈Ω
(
ρs−n/p(x)|g|p,Ω(x)
)
<+∞, (2.3)
endowed with the norm defined by (2.3),
K˜
p
s (Ω) is the closure of L∞s (Ω) in K
p
s (Ω),
˚K
p
s (Ω) is the closure of C∞0 (Ω) in K
p
s (Ω).
The following inclusions hold:
L
q
s−n/q(Ω)=W 0,qs−n/q(Ω)⊂ ˚Kqs (Ω)⊂ K˜qs (Ω)⊂Kqs (Ω). (2.4)
For some other properties of the spaces Kps (Ω), K˜
p
s (Ω) and ˚Kps (Ω) we refer to [5].
Remark 2.1. Let us fix ρ ∈A0(Ω), 1 p <+∞, s ∈R. We observe that if g ∈Lploc(Ω¯ \
Sρ), then, for any ζ ∈D(Ω¯ \ Sρ), we have ζg ∈ ˚Kps (Ω) (see [7, Remark 1.1]).
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Let us fix ρ ∈A0(Ω) such that S = Sρ = ∅ and lim|x|→+∞ ρ(x)= 0 and consider the
following conditions:
(i1) There exists an open subset Ω∗ of Rn with uniform C1-regularity property satisfying
Ω ⊂Ω∗, ∂Ω \ S ⊂ ∂Ω∗;
(i2) s, q ∈R and q is such that
q > 2 if n= 2, q = n if n 3.
Remark 3.1. By hypothesis (i1) (see [12, Remark 3.1]) there exists θ ∈]0,π/2[ such that
∀x ∈Ω, ∃Cθ(x): Cθ
(
x,ρ(x)
)⊂Ω,
where Cθ(x) is an open infinite cone with the vertex in x , opening θ and Cθ (x, r), r ∈ R+,
is the intersection of Cθ (x) and B(x, r).
In [5] the authors proved the following result (see also [8] in which the authors empha-
size the dependence of the constant in the final bound).
Lemma 3.1. If hypotheses (i1) and (i2) are verified, then for any g ∈Kq−s+1(Ω) and any
u ∈W 1s (Ω) we get gu ∈L2(Ω) and
|gu|2,Ω H‖g‖Kq−s+1(Ω)‖u‖W 1s (Ω), (3.1)
where H =H(n, θ,ρ, s, q) is a positive constant.
Now we introduce the modulus of continuity of a function g ∈ K˜q−s+1(Ω).
Let Σ(Ω) be the σ -algebra of Lebesgue measurable subsets of Ω . If p ∈ [1,+∞[ ,
s ∈ R and g ∈Kps (Ω), we set
τ
p
s [g](t)= sup
|E|t
‖gχE‖Kps (Ω), t ∈ R+,
where χE is the characteristic function of E ∈Σ(Ω).
It is known (see [5]) that g ∈ K˜qs (Ω) if and only if g ∈Kps (Ω) and
lim
t→0 τ
p
s [g](t)= 0.
We define the modulus of continuity of g ∈ K˜qs (Ω) as a function τ [g] :R+ →R+ satisfy-
ing
τ
p
s [g](t) τ [g](t), ∀t ∈R+, lim
t→0τ [g](t)= 0.
In the case g :Ω →R, we put
Ar(g)=
{
x ∈Ω : ρ−s+1∣∣g(x)∣∣ r}, r ∈R+.
106 A. Canale / J. Math. Anal. Appl. 287 (2003) 101–117If g ∈Kp−s+1(Ω), p ∈ [1,+∞[ , we get
lim
r→+∞
∣∣Ar(f )∣∣= 0.
Let us denote, for all k ∈N , by rk = rk(g) a real number such that∣∣Ark (g)∣∣ 1k (3.2)
and by r[g] the function
r[g] : k ∈N → r[g](k)= rk ∈R+. (3.3)
Now we state the following lemma which we will use later (see [5, Corollary 2] too).
Lemma 3.2. If hypotheses (i1) and (i2) are verified and g ∈ K˜q−s+1(Ω), then for any k ∈N
we have
|gu|2,Ω Hτ [g]
(
1
k
)
‖u‖W 1s (Ω) + r[g](k)‖u‖L2s−1(Ω), ∀u ∈W
1
s (Ω),
where H is the constant in (3.1), τ [g] is a modulus of continuity of g in K˜q−s+1(Ω) and
r[g] is the function defined by (3.3).
Proof. Let
gk = (1− χArk )g.
The function gk so defined belongs to the space L∞−s+1(Ω). From Lemma 3.1 we get
|gu|2,Ω 
∣∣(g − gk)u∣∣2,Ω + |gku|2,Ω H‖g− gk‖Kq−s+1‖u‖W 1s (Ω) + |gku|2,Ω
=H‖gχArk ‖Kq−s+1‖u‖W 1s (Ω) + |ρ
s−1ρ−s+1gku|2,Ω.
Taking in mind (3.2) we have the result. ✷
4. Hypotheses
Let us set
B+ = {x ∈B1: xn > 0}, B0 = {x ∈B1: xn = 0},
and suppose that there exists an open subset Ω∗ of Rn such that
(h2) There are d ∈ R+, an open cover {Ui}i∈I of ∂Ω∗ and, for any i ∈ I , C2-diffeomor-
phism ψi : U¯i → B¯1 such that
ψi(Ui ∩Ω∗)= B+, ψi(Ui ∩ ∂Ω∗)= B0, (4.1)
the components of ψi and ψ−1i and of their first and second derivatives
are bounded by a constant independent of i, (4.2)
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x ∈Ω∗ \Ω∗d , B(x, d)⊂Ω∗, where Ω∗d = {x ∈Ω∗: dist(x, ∂Ω∗) < d}, (4.3)
Ω ⊂Ω∗, ∂Ω \ S ⊂ ∂Ω∗. (4.4)
Remark 4.1. It is easy to prove that (4.1)–(4.3) hold when Ω∗ has the uniform C2-
regularity property defined in [1, Section 4.6].
Remark 4.2. By Theorem 3.2 in [30] and hypothesis (h2) it follows that there exists σ ∈
A(Ω)∩C∞(Ω)∩C0,1(Ω¯) such that
c1ρ(x) σ(x) c2ρ(x), ∀x ∈Ω,
σx,σσxx ∈L∞(Ω), (4.5)
where the constants c1, c2 ∈R+ are independent of x .
Let us consider in Ω the second order linear differential operator
Lu=−
n∑
i,j=1
aij uxixj +
n∑
i=1
aiuxi + au
with the following conditions on the coefficients:
(h3) aij = aji ∈ L∞(Ω), i, j = 1, . . . , n;
(h4) ai ∈ K˜q1 (Ω), i = 1, . . . , n, a ∈ K˜t2(Ω), where
q > 2 if n= 2, q = n if n 3
and
t = 2 if 2 n < 4, t > 2 if n= 4, t = n
2
if n > 4.
Let us denote by E(ν,Ω), for any ν ∈ R+, the class of n× n real matrix-valued func-
tions (eij ) such that
(h5) eij = eji ∈ L∞(Ω), i, j = 1, . . . , n,
(eij )xh ∈ Lqloc(Ω¯ \ S), i, j, h= 1, . . . , n,
n∑
i,j=1
eij ξiξj  ν|ξ |2, ∀ξ ∈Rn, a.e. in Ω,
where ν is a positive constant independent of x and ξ .
Moreover we set
G(Ω)=
{
g ∈ L∞: ess inf
Ω
g > 0
}
,
and suppose that (aij ) satisfies the following conditions:
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g =
∑n
i,j=1 eij aij∑n
i,j=1 a2ij
∈ G(Ω), ess sup
Ω
n∑
i,j=1
(eij − gaij )2 < ν2;
(h7) There exist (αij ) ∈E(ν,Ω) such that
(αij )xh ∈ K˜q1 (Ω), i, j, h= 1, . . . , n,
and a function γ :N →R+ such that
ess sup
Ω\Ωk
n∑
i,j=1
|αij − gaij | γ (k), ∀k ∈N,
lim
k→+∞γ (k)= 0.
Let us set
ux =
(
n∑
i=1
u2xi
)1/2
, uxx =
(
n∑
i,j=1
u2xixj
)1/2
.
We consider a function β :Ω →R+ such that the following hypothesis holds:
(h8) β ∈ K˜t2(Ω), ∃δ ∈ K˜q1 (Ω) such that βx  βδ.
For example, some functions β which satisfy the hypothesis (h8) are given by
β = 1
σ 2
and
β(x)= 1
(1+ |x|2)τ , x ∈Ω, τ > 0;
for details see [8].
Remark 4.3. One can show that under hypotheses (h2)–(h4) and (h8), it follows that for
any s, λ ∈ R the operator
u ∈W 2s (Ω)→ Lu+ λβu ∈L2s (Ω)
is bounded.
5. Local a priori bounds
Let us set
L0u=−
n∑
aijuxixj
i,j=1
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f˜ = 1+ δ+
n∑
i,j=1
(eij )x,
where δ is the function defined in (h8) and eij are the functions which belong to the class
E(ν,Ω) (see (h5)).
Let us fix a bounded open subset V of Rn such that
V ⊂Ω or V ∩ ∂Ω = ∅ and V ⊂ Ui \ S for some i ∈ I.
Lemma 5.1. If hypotheses (h2), (h3), (h5), (h6), (h8) hold, then for any λ 0 and for any
function v satisfying
v ∈W 2(Ω)∩ ˚W 1(Ω), suppv ⊂ V, (5.1)
we have the bound
|vxx |2,Ω  c
(|L0v+ λg−1βv|2,Ω + |f˜ vx |2,Ω), (5.2)
where c= c(Ω,ν,‖aij‖∞,‖eij‖∞).
Proof. The first step is to prove that, for any v satisfying (5.1), it holds
(ν2 − <2)|vxx |22,Ω 
∣∣∣∣∣−
n∑
i,j=1
eij vxixj
∣∣∣∣∣
2
2,Ω
+ c1(<)|ζvx |22,Ω, (5.3)
where ζ = 1+∑ni,j=1(eij )x and c1 ∈ R+ is a constant depending on Ω , ν, ‖eij ‖∞.
We reason as in the proof of the results in [10, Section 7].
Let us denote by X1, . . . ,Xn the direction cosines of the exterior normal to Ω .
We start showing that it holds
ν2|vxx |22,Ω 
∣∣∣∣∣−
n∑
i,j=1
eij vxixj
∣∣∣∣∣
2
2,Ω
+ I1(v)+ I2(v), (5.4)
where
I1(v)=
1,...,n∑
i,k,r,s
∫
∂Ω
(eireks − eikers)Xkvxi vxrxs dσ,
I2(v)=−
1,...,n∑
i,k,r,s
∫
Ω
(eireks − eikers)xkvxi vxr xs dx.
Raising to the 2nd power the equation
∑n
i,j=1 eij uxixj = f and by means of easy calcula-
tions we obtain (see, e.g., [24])
ν2v2xx 
∣∣∣∣∣−
n∑
eij vxixj
∣∣∣∣∣
2
+
1,...,n∑
(eir eks − eikers) ∂
∂xk
(vxi vxr xs ).i,j=1 i,k,r,s
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integrating by parts.
By means of well-known methods (see, e.g., [25]) to prove that for any < ∈ R+ there
exists c1(<) such that∣∣I1(v)∣∣ <|vxx |22,Ω + c1(<)|vx |22,Ω, (5.5)
where c1(<)= c1(<,Ω,ν).
Moreover, from Young’s and Hölder’s inequalities it is easy to see that
∣∣I2(v)∣∣ <|vxx |22,Ω + c2(<)
∣∣∣∣∣
n∑
i,j=1
(eij )xvx
∣∣∣∣∣
2
2,Ω
, (5.6)
where c2(<)= c2(<,‖(eij )‖∞).
From (5.4)–(5.6) we can deduce estimate (5.3).
Now we prove that (5.3) implies (5.2). We start proving (5.2) with ∑ni,j=1 eij vxixj in
place of L0v by means of known techniques (see, e.g., [10,17]).
Indeed we have for λ 0,
∫
Ω
(
−
n∑
i,j=1
eij vxixj + λβv
)2
dx

∫
Ω
(
−
n∑
i,j=1
eij vxixj
)2
dx + λ2
∫
Ω
β2v2 dx
+ 2λν
∫
Ω
βv2x dx − 2λ
∫
Ω
βη|v|vx dx, (5.7)
where η=∑ni,j=1(eij )x + |eij |δ.
Using the inequality∫
Ω
βη|v|vx dx  λ2
∫
Ω
β2v2 dx + 1
2λ
∫
Ω
|ηvx |2 dx,
and (5.3), (5.7) we get
(ν2 − <2)|vxx |22,Ω 
∣∣∣∣∣−
n∑
i,j=1
eij vxixj + λβv
∣∣∣∣∣
2,Ω
+ c3(<)|f˜ vx |22,Ω, (5.8)
where f˜ was defined at the beginning of the section. Finally we proceed in the following
way. If we set
h= ess sup
Ω
(
n∑
i,j=1
|eij − gaij |2
)1/2
,
for < < ν − h we have from (5.8)
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∣∣∣∣∣−
n∑
i,j=1
(eij − gaij )vxixj − gL0v + λβv
∣∣∣∣∣
2,Ω
+ c3(<)1/2|f˜ vx |22,Ω
 h|vxx |2,Ω + ‖g‖∞|L0v + λg−1βv|2,Ω + c3(<)1/2|f˜ vx |22,Ω,
from which we deduce the result. ✷
We will be able to prove the following lemma using as tools Lemmas 5.1 and 3.2.
Lemma 5.2. If conditions (h2)–(h8), hold and λ1 is a real number, then there exists a
constant c ∈R+ such that for any λ ∈ [λ1,+∞[ and for any function v satisfying
v ∈W 2(Ω)∩ ˚W 1(Ω), suppv ⊂ V,
we get
|vxx |2,Ω  c
(|Lv + λg−1βv|2,Ω + |ρ−1vx |2,Ω + |ρ−2v|2,Ω), (5.9)
where c is a positive constant depending on Ω, ν, n, ρ, θ, β, q, ‖aij‖∞, ‖eij‖∞, ‖αij ‖∞,
τ [δ], τ [(αij )x], τ [ψr(eij )x], τ [β], τ [ai], τ [a], r[δ], r[(αij )x ], r[ψr(eij )x], r[β], r[ai],
r[a].
Proof. Let us suppose λ 0 and consider the functionsψk , k ∈N , introduced in Section 1.
Applying (5.8) in the proof of Lemma 5.1 to the function (1−ψk)v with eij = αij ,∣∣((1−ψk)v)xx∣∣2,Ω
 c1
(∣∣∣∣∣−
n∑
i,j=1
αij
(
(1−ψk)v
)
xixj
+ λβ(1−ψk)v
∣∣∣∣∣
2,Ω
+ ∣∣g˜((1−ψk)v)x∣∣2,Ω
)
,
(5.10)
where g˜ = (1+ δ+∑ni,j=1(αij )x).
Moreover we have by hypothesis (h7) that the first term on the right-hand side in (5.10)
is bounded as follows:∣∣∣∣∣−
n∑
i,j=1
αij
(
(1−ψk)v
)
xixj
+ λβ(1−ψk)v
∣∣∣∣∣
2,Ω

∣∣gL0((1−ψk)v)+ λβ(1−ψk)v∣∣2,Ω
+
∣∣∣∣∣−
n∑
i,j=1
(αij − gaij )
(
(1−ψk)v
)
xixj
∣∣∣∣∣
2,Ω
 c2
(∣∣(1−ψk)(L0v + λg−1βv)∣∣2,Ω + ∣∣(1−ψk)xvx∣∣2,Ω
+ ∣∣(1−ψk)xxv∣∣2,Ω + γ (k)∣∣((1−ψk)v)xx∣∣2,Ω). (5.11)
Since g˜ ∈ K˜q1 (Ω), we can use Lemma 3.2 to estimate the last term in (5.10). So we obtain
by (5.10) and (5.11), since ρ ∈ L∞(Ω),
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+
(
Hτ [g˜]
(
1
k
)
+ γ (k)
)∣∣((1−ψk)v)xx∣∣2,Ω. (5.12)
Now applying Lemma 5.1 to the function ψkv we get∣∣(ψkv)xx∣∣2,Ω  c1(∣∣L0(ψkv)+ λβg−1ψkv∣∣2,Ω + ∣∣f˜ (ψkv)x ∣∣2,Ω)
(we recall that f˜ = 1+ δ+∑ni,j=1(eij )x ).
For any k ∈N let r  2k so that ψr |suppψk = 1. The function ψr f˜ belongs to the space
K˜
q
1 (Ω) (see Remark 1.1 and inclusions (2.4)) and then we can use Lemma 3.2.
Reasoning as above it is easy to see that
∣∣(ψkv)xx∣∣2,Ω  c4(|L0v + λg−1βv|2,Ω + |ρ−1vx |2,Ω + |ρ−2v|2,Ω)
+Hτ [ψrf˜ ]
(
1
k
)∣∣(ψkv)xx∣∣2,Ω. (5.13)
By definition of modulus of continuity given in Section 3 it follows that there exists k0 ∈N
such that from (5.12) and (5.13) we can deduce that
|vxx |2,Ω 
∣∣((1−ψk0)v)xx∣∣2,Ω + ∣∣(ψk0v)xx ∣∣2,Ω
 c5
(|L0v + λg−1βv|2,Ω + |ρ−1vx |2,Ω + |ρ−2v|2,Ω). (5.14)
If λ1 < 0, we fix λ ∈ [λ1,0[ .
Using (h8) and applying to β Lemma 3.2 we get the bound
|λg−1βv|2,Ω  c6|λ1|(ess infg)−1
(|ρ−1vx |2,Ω + |ρ−2v|2,Ω). (5.15)
Now if we consider inequality (5.14) with λ= 0, from (5.15) we easily deduce (5.9) with
L0 instead of L.
Finally, applying Lemma 3.2 to the functions ai and a verifying hypothesis (h4) we
obtain the result. ✷
6. A priori bounds
We assume that the following further hypotheses hold:
(h9) The function σ which satisfies (4.5) is such that
σx ∈ ˚Kq0 (Ω),
where q is the number defined in hypothesis (h4);
(h10) ai ∈ ˚Kq(Ω), i = 1, . . . , n, a  µρ−2 a.e. in Ω , where µ ∈R+ is independent of x .1
A. Canale / J. Math. Anal. Appl. 287 (2003) 101–117 113An example of function ρ ∈A0(Ω) satisfying condition (h9) can be found in [13].
Theorem 6.1. If hypotheses (h2)–(h10) hold, then there exist a constant c ∈ R+ and a
bounded open set Ω0  Ω¯ \ S such that
‖u‖W 2s (Ω)  c
(‖Lu+ λβu‖L2s (Ω) + |u|2,Ω0), ∀u ∈W 2s (Ω)∩ ˚W 1s−1(Ω), ∀λ 0,
(6.1)
where c is a positive constant depending on Ω, ν, n, ρ, θ, β, q, s, t, β, ai, a, ‖aij‖∞,
‖eij‖∞, ‖αij ‖∞, τ [(αij )x], τ [ψr(eij )x], r[(αij )x], r[ψr(eij )x ].
Proof. We remark that property (h2) implies the existence of τ ∈ R+ such that, for any
x ∈Rn, either B(x, τρ(x))⊂Ω or B(x, τρ(x))∩ ∂Ω = ∅ and B(x, τρ(x))⊂Ui for some
i ∈N.
Let us consider a function ϕ ∈C∞0 (Rn) such that
ϕ|B1/2 = 1, suppϕ ⊂ B1, sup
Rn
|∂αϕ| cα, ∀α ∈Nn0 .
Let us define for x ∈Ω ,
Φ =Φx :y ∈ Rn → ϕ
(
x − y
τρ(x)
)
.
We have
Φ|B(x,(τ/2)ρ(x)) = 1, suppΦ ⊂ B(x,τρ(x)), sup
Rn
|∂αΦ| c′αρ−|α|(x), ∀α ∈Nn0 ,
where c′α = cατ−|α|.
So, if u ∈ W 2s (Ω) ∩ ˚W 1s−1(Ω), then the function v = Φu ∈ W 2s (Ω) ∩ ˚W 1s−1(Ω) and
either suppv ⊂Ω or suppv ∩ ∂Ω = ∅ and suppv ⊂Ui for some i ∈N .
Let us fix k ∈ R+ and set w = ψku. Then, we can apply Lemma 5.2 with v = Φw and
L= L0 + a to get∣∣(Φw)xx ∣∣2,Ω  c1(∣∣L0(Φw)+ (a + λg−1β)Φw∣∣2,Ω
+ ∣∣ρ−1(Φw)x ∣∣2,Ω + ∣∣ρ−2(Φw)∣∣2,Ω). (6.2)
The first term of the right-hand side in (6.2) can be bounded as follows:∣∣L0(Φw)+ (a + λg−1β)Φw∣∣2,Ω

∣∣Φ(L0w+ (a + λg−1β)w)∣∣2,Ω + 2‖aij‖L∞(Ω)|Φxwx |2,Ω
+ ‖aij‖L∞(Ω)|Φxxw|2,Ω
 c2
(∣∣L0w+ (a + λg−1β)w∣∣2,Ω(x,τρ(x))+ |wx |2,Ω(x,τρ(x))+ |w|2,Ω(x,τρ(x))).
(6.3)
Hence from (6.2) and (6.3) we deduce the inequality
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(∣∣L0w+ (a + λg−1β)w∣∣2,Ω(x,τρ(x))
+ |ρ−1wx |2,Ω(x,τρ(x))+ |ρ−2w|2,Ω(x,τρ(x))
)
.
Therefore, applying Lemma 1 in [6], we obtain∥∥(ψku)xx∥∥L2s (Ω)  c4(∥∥L0(ψku)+ (a + λg−1β)ψku∥∥L2s (Ω) + ∥∥(ψk)xu∥∥L2s−1(Ω)
+ ‖ψkux‖L2s−1(Ω) + ‖ψku‖L2s−2(Ω)
)
. (6.4)
Remarking that, using (2.1),∥∥(ψk)xux∥∥L2s (Ω)  c5|ux |2,suppψk ,
from well-known inequality we get
|ux |2,suppψk  <|uxx |2,suppψk + c(<)|u|2,suppψk ,
and again by (2.1) we have∥∥(ψku)xx∥∥W 2s (Ω)  c5(∣∣L0(ψku)+ (a + λg−1β)ψku∣∣L2s (Ω) +‖ψku‖L2s−2(Ω)). (6.5)
Near to S and to infinity, if the principal coefficients of L are suitable constants, we can
use Theorem 3.1 in [13] to get bound (6.6).
Indeed if
L˜0 =−
n∑
i,j=1
γ (k)
∂2
∂xi∂xj
,
where k ∈ R+ is fixed and γ is defined in (h7), we have∥∥(1−ψk)u∥∥W 2s (Ω)  c6∥∥L˜0((1−ψk)u)+ (ga + λβ)(1−ψk)u∥∥L2s (Ω), (6.6)
from which∥∥(1−ψk)u∥∥W 2s (Ω)
 c6
(∥∥∥∥∥−γ (k)
n∑
i,j=1
(1− gaij )
(
(1−ψk)u
)
xixj
− γ (k)g
n∑
i,j=1
aij
(
(1−ψk)u
)
xixj
+ (ga + λβ)(1−ψk)u
∥∥∥∥∥
L2s (Ω)
)
 c7
(∥∥L0((1−ψk)u)+ (a + λg−1β)(1−ψk)u∥∥L2s (Ω)
+ γ (k)(1+ ‖aij‖L2s (Ω)‖g‖L∞(Ω))∥∥((1−ψk)u)xx∥∥L2s (Ω)). (6.7)
By hypothesis (h7) there exists k0 ∈N such that∥∥(1−ψk0)u∥∥W 2s (Ω)  c8∥∥L0((1−ψk0)u)+ (a + λg−1β)(1−ψk0)u∥∥L2s (Ω). (6.8)
From (6.5) with k = k0 and (6.8) we obtain
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(∥∥L0u+ (a + λg−1β)u∥∥L2s (Ω + |u|2,Ω ′0) (6.9)
with Ω ′0 = suppψk0 .
Moreover from Corollary 2 in [5] (see also [12]) we have that for any < ∈ R+ there exist
c(<) ∈R+ and an open set Ω< Ω such that
n∑
i=1
‖aiuxi‖L2s (Ω)  <‖u‖W 2s (Ω) + c(<)|u|2,Ω< . (6.10)
From (6.9) and (6.10) we deduce the assertion with Ω0 =Ω ′0 ∪Ω< . ✷
Remark 6.1. We emphasize that in the proof in [7, Theorem 4.1] we obtained an inequality
similar to (6.5) following a different way.
The method we use makes the proof shorter and easier than the one made in [7].
Remark 6.2. We observe that in [13] a bound similar to (6.6) was obtained, with more
assumptions on coefficients of the operator L, as a consequence of Theorem 1 in [5] and
of an a priori bound stated previously (see [7, Theorem 3.1] and [13, Theorem 2.1]).
Remark 6.3. If we suppose, in addition, that αij are more regular, that is (αij )xh belong to
the space ˚Kq1 (Ω) as in [7, Theorem 4.1], we can slightly modify the proof setting
L˜0 =−
n∑
i,j=
αij
∂2
∂xi∂xj
and then use (h7) in (6.7).
We remark that in our case we do not require further hypotheses on αij to state the
result.
Remark 6.4. We observe that in Theorem 6.1 we can suppose in place of the condition
a  µρ−2, µ> 0, in (h10),
a = a′ + a′′, a′ ∈ ˚Kt2(Ω), a′′  µ0ρ−2, µ0 ∈ R+, a.e. in Ω.
Remark 6.5. A hypothesis less general than (h7) can be the convergence of aij and eij to
infinity and ‘near’ to S ⊂ ∂Ω . In other words,
lim|x|→+∞aij = a
0
ij , limx→x0
aij = a0ij , x0 ∈ S,
lim|x|→+∞ eij = e
0
ij , limx→x0
eij = e0ij , x0 ∈ S,
with a0ij and e
0
ij constant values. In such a case in the proof of Lemma 5.2 we replace g0a0ij
in place of αij , where
g0 = lim g(x), g0 = lim
x→x g(x), x0 ∈ S.|x|→+∞ 0
116 A. Canale / J. Math. Anal. Appl. 287 (2003) 101–117The proof of Theorem 6.1 is substantially the same provided that the operator L˜0 is chosen
as
L˜0 =−
n∑
i,j=
g0a
0
ij
∂2
∂xi∂xj
.
From Theorem 6.1 in a standard way (see, e.g., proof in [7, Corollary 4.1]) we have
Corollary 6.2. In the same hypotheses of Theorem 6.1 and if
β−1 ∈ L∞loc(Ω¯ \ S),
then for any s ∈ R there exist c, λ0 ∈ R+ such that
‖u‖W 2s (Ω)  c‖Lu+ λβu‖L2s (Ω), ∀u ∈W 2s (Ω)∩ ˚W 1s−1(Ω), ∀λ λ0,
where c has the same dependence of the constant in Theorem 6.1.
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